We show that partial recovery of the entanglement lost in a bipartite pure state entanglement transformations is almost always possible irrespective of the dimension. Let |ψ and |ϕ be n × n states and |ψ −→ |ϕ under local operations. We ask whether there exists k × k states, |χ and |ω , k < n where E (|ω ) > E (|χ ), E being the entropy of entanglement such that |ψ ⊗ |χ −→ |ϕ ⊗ |ω under LOCC. We show that for almost all pairs of comparable states recovery is achievable by 2 × 2 states, no matter how large the dimension of the parent states are. For other cases we show that the dimension of the auxiliary entangled state depends on the presence of equalities in the majorization relations of the parent states. We identify those states and show that recovery is still possible using states in k × k, 2 < k < n, for all patterns of majorization relations except only one special case.
manipulations at best, can only retain the original entanglement but can never enhance it. This "no enhancement" of entanglement under LOCC should always be understood in an expected sense, i.e., entanglement cannot increase on an average by LOCC.
Transformation properties of entanglement in both asymptotic and finite copy regime has been investigated [4] - [11] . For pure state entanglement transformation it has been proved that entanglement can be concentrated and diluted with unit efficiency in the asymptotic limit [4] . This remarkable property, however, does not hold in the finite copy regime. Given two pure entangled states |ψ and |ϕ , if one of them, say, |ψ can be locally converted to |ϕ with unit probability then entanglement of |ψ is at least as much as that of |ϕ . Unless the states are local unitarily connected, entanglement is always lost in such a deterministic transformation [7] . Since entanglement is a valuable resource it is a necessity to preserve entanglement as much as possible in an entanglement transformation. It is therefore of importance to devise local strategies to recover the lost entanglement in an entanglement manipulation if possible, either partially or fully. Clearly this would require collective manipulations with ancillary resources. An important step in this direction has recently been taken by Morikoshi [13] who showed that for 2× 2 systems, the entanglement lost in transforming |ψ to |ϕ can always be partially recovered by using an auxiliary entangled state and performing collective operations. In particular an entangled state |χ can always be prepared such that |ψ ⊗ |χ −→ |ϕ ⊗ |ω where entanglement of |ω is greater than that of |χ , i.e., E (|ω ) > E (|χ ), E being the entropy of entanglement [4] . One should note that Morikoshi's result pertains only to pure state entanglement transformation in 2 × 2.
In the present work we study partial recovery of the entanglement lost in a bipartite pure state entanglement transformation in n × n, n > 2. The problem that we address is as follows: Let |ψ and |ϕ be, respectively, the source and target states (sometimes referred to as the parent states) in n × n such that |ψ −→ |ϕ under LOCC. Then the amount of entanglement lost in such transformation is E (|ψ ) − E (|ϕ ). We ask: Is it always possible to find an entangled state |χ in k × k , k < n, such that |ψ ⊗ |χ −→ |ϕ ⊗ |ω where E (|ω ) > E (|χ ) ?
Since the recovery scheme necessarily involves a collective operation it is always desirable to minimize the amount of ancillary resources. One way of doing this is to keep the dimension of the auxiliary state used at a minimum whenever possible. This ancillary state can either be prepared by the respective parties or can be borrowed from an entanglement reserve. One should also note that if the parties need to prepare an auxiliary entangled state having dimension greater than or equal to the target state, then they can as well prepare the target state itself without going for any recovery procedure. In 2 × 2 systems the dimension of the auxiliary state cannot be lowered further and hence this case should be considered as an exception. We therefore emphasize that for a genuine recovery scheme in n × n, the dimension of the auxiliary state should be strictly less than the dimension of the target state whenever possible. Since preparation of an auxiliary state for a given local manipulation should follow from a logical necessity and unless we restrict the dimension of the auxiliary state to be strictly less than the dimension of the target state "recovery" is no more interesting in higher dimensions.
Before we state our main results we first give the definition of "genuine partial recovery of entanglement" and introduce some notations.
Definition 1 Let |ψ and |ϕ be, respectively, the source and target states in n × n such that |ψ −→ |ϕ under LOCC. Then the amount of entanglement lost in such a transformation is E (|ψ )− E (|ϕ ). We say that there is a partial recovery of the lost entanglement if there exists an auxiliary entangled state |χ in k×k, k < n, such that |ψ ⊗|χ −→ |ϕ ⊗|ω and E (|ω ) > E (|χ ).
√ β i |i |i be bipartite pure states with Schmidt coefficients, α 1 ≥ α 2 ≥ · · · ≥ α n and β 1 ≥ β 2 ≥ · · · ≥ β n , respectively, such that |ψ −→ |ϕ under LOCC. The eigenvalues of the reduced density matrices ρ ψ ≡ Tr B(or A) |ψ AB ψ| and ρ ϕ ≡ Tr B(or A) |ϕ AB ϕ| are α 1 , α 2 , . . . , α n and β 1 , β 2 , . . . , β n , respectively. Define the vector of the eigenvalues as λ ψ ≡ (α 1 , . . . , α n ) and λ ϕ ≡ (β 1 , . . . , β n ). In [7] it is shown that |ψ −→ |ϕ under LOCC if and only if λ ψ is majorized by λ ϕ , (denoted as λ ψ ≺ λ ϕ ); i.e.,
Note that in the above relation if m = n, then both sides are equal to one. We now state the main results of the present work:
1. If all the inequalities of the majorization conditions (1) are strict then we can always achieve recovery with an auxiliary entangled state in 2×2, irrespective of the dimension of the parent states involved. Note that for a randomly picked pair of comparable states the majorization inequalities are strict with probability one.
2. If α 1 = β 1 and α n = β n and in the majorization conditions there are no two consecutive equalities, then recovery with an auxiliary entangled state in 2 × 2 is possible. We should note that when majorization is not strict, still in many cases it is possible to have a recovery by 2 × 2 states. The conditions on the eigenvalues in such cases can be derived from the method we introduced in this paper.
3. If α 1 = β 1 or α n = β n then recovery with a 2 × 2 auxiliary state is not possible; and if α 1 = β 1 and α n = β n then recovery with a 3 × 3 auxiliary state is not possible.
4. If α n = β n and the number of consecutive equalities in the majorization conditions (1) are m, then recovery is always possible using (m + 2) × (m + 2) auxiliary states. Hence if α n = β n , in the worst case, a recovery by (n − 1) × (n − 1) states is achievable; i.e., a genuine recovery is always possible.
Thus it is shown that nontrivial recovery is always possible except for the special case where α n = β n ; whether recovery is still possible for this special case is left as an open problem.
One should note that even in a successful recovery scheme the net entanglement decreases. However, when compared to the entanglement lost if only the parent state transformation would have been performed, one indeed gains in a successful recovery procedure. Importantly, as mentioned earlier this improvement is impossible without resorting to collective operations. We would like to mention that the richness involved in the whole procedure is due to various possible structures in the majorization inequalities of the parent states.
Therefore, we first define the set ∆ ψ,ϕ as the set of all indices m such that the relation (1) is an equality:
If ∆ ψ,ϕ is empty then all relations (1) are strict inequalities. In this case we say that λ ψ is strictly majorized by λ ϕ , and we write λ ψ ⊏ λ ϕ . Note that 1 ∈ ∆ ψ,ϕ is equivalent to α 1 = β 1 and n − 1 ∈ ∆ ψ,ϕ is equivalent to α n = β n .
Let us first illustrate the basic idea involved in all our proofs with an example. Since |ψ −→ |ϕ then for all states |χ , |ψ ⊗ |χ −→ |ϕ ⊗ |χ . The idea is there always exists an order in the tensor product majorization relations such that even if we perturb the parameters of the auxiliary state |χ the order remains unchanged. Consider the following example to see how it works.
Example. Consider the states |ψ and |ϕ with the eigenvalue vectors
Then |ψ −→ |ϕ ; in fact, λ ψ ⊏ λ ϕ . We want to find 2 × 2 states |χ and |ω such that |ψ ⊗ |χ −→ |ϕ ⊗ |ω and E(|ω ) > E(|χ ). Our strategy is to consider a 2 × 2 state |χ(p) with the eigenvalue vector λ χ(p) = (p, 1 − p) where p is a variable in the interval (0.5, 1). We find a value for p such that λ ψ⊗χ(p) ⊏ λ ϕ⊗χ(p) . Then there is an ε > 0 such that the relation λ ψ⊗χ(p) ⊏ λ ϕ⊗χ(p−ε) still holds, and we let |χ = |χ(p) and |ω = |χ(p − ε) . Since ε > 0 E(|ω ) > E(|χ ). To simplify the construction, we choose the value of p such that the eigenvalue vectors of λ ψ⊗χ(p) and λ ϕ⊗χ(p) are ordered as follows Consequently, |ψ ⊗ |χ −→ |ϕ ⊗ |ω and E(|ω ) > E(|χ ).
Theorem 1 Let |ψ −→ |ϕ and λ ψ strictly majorized by λ ϕ . Then there are 2 × 2 states |χ and |ω such that |ψ ⊗ |χ −→ |ϕ ⊗ |ω and E(|ω ) > E(|χ ).
Proof. Let λ ψ = (α 1 , . . . , α n ) and λ ϕ = (β 1 , . . . , β n ) be the vectors of eigenvalues of |ψ and |ϕ . We assume that α 1 ≥ α 2 ≥ · · · ≥ α n ≥ 0 and
Let |χ(p) be a 2×2 system with the eigenvalues vector λ χ(p) = (p, 1−p), where 1 2 < p < 1. We claim that for some value of p we have λ ψ⊗χ(p) ⊏ λ ϕ⊗χ(p) . Note that |ψ ⊗ |χ(p) −→ |ϕ ⊗ |χ(p) , so λ ψ⊗χ(p) ≺ λ ϕ⊗χ(p) . If the relation λ ψ⊗χ(p) ⊏ λ ϕ⊗χ(p) is not satisfied then an identity of the following form most hold
Equivalently,
The relation (3) does not determine a value for p (i.e., it is an equivalence) if and only if 
Since λ ψ ⊏ λ ϕ , from (4) it follows that x > s and y > t. This contradicts the condition x+y = s+t. Therefore, only for those values of p the relation λ ψ⊗χ(p) ⊏ λ ϕ⊗χ(p) is not satisfied that their value can be determined from an equation like (4). But only finitely many equations like (4) can be formed; so the relation λ ψ⊗χ(p) ⊏ λ ϕ⊗χ(p) is satisfied for all but finitely many values of p.
Moreover, we need to impose one more condition on the parameter p. Let β ℓ be the smallest nonzero component of λ ϕ ; i.e, if ℓ < n then β ℓ > 0 and β ℓ+1 = · · · = β n = 0. Then β 1 > β ℓ . The desired condition is as follows:
Now consider a value for p such that
, and the condition (5) is satisfied. Then there is an 0 < ε < 1 2 such that
Note that the condition (5) implies that the order of components of λ ϕ⊗χ(p−ε) is the same as the order of the corresponding components of λ ϕ⊗χ(p) . Let |χ = |χ(p) and |ω = |χ(p − ε) . This is not the case that the recovery with the help of 2 × 2 states is always possible. For example, we show in the following lemma that the 2 × 2 states cannot be used for this purpose in some special cases that the condition λ ψ ⊏ λ ϕ is violated.
Lemma 1 Let |ψ −→ |ϕ , and suppose that λ ψ = (α 1 , . . . , α n ) and λ ϕ = (β 1 , . . . , β n ) are the vectors of eigenvalues of |ψ and |ϕ such that α 1 ≥ · · · ≥ α n and β 1 ≥ · · · ≥ β n . If α 1 = β 1 or α n = β n , then there are no 2 × 2 states |χ and |ω such that |ψ ⊗ |χ −→ |ϕ ⊗ |ω and E(|ω ) > E(|χ ). Also, if both relations α 1 = β 1 and α n = β n hold then there is no 3 × 3 recovery states |χ and |ω .
Proof. First assume that α 1 = β 1 or α n = β n . Suppose, by contradiction, there are 2 × 2 states |χ and |ω such that |ψ ⊗ |χ −→ |ϕ ⊗ |ω and E(|ω ) > E(|χ ). Let λ χ = (p, 1 − p) and λ ω = (q, 1 − q) be the vector of eigenvectors of |χ and |ω with p, q > 1 2 . The condition E(|ω ) > E(|χ ) implies that q < p. The relation λ ψ⊗χ ≺ λ ϕ⊗ω implies that α 1 p ≤ β 1 q and 1 − α n (1 − p) ≤ 1 − β n (1 − q). So if α 1 = β 1 or α n = β n then p ≤ q and E(|ω ) ≤ E(|χ ), which is a contradiction. Now suppose that α 1 = β 1 and α n = β n . Let assume, by contradiction, that there are 3 × 3 recovery states |χ and |ω with eigenvalue vectors λ χ = (p, q, 1− p − q) and
Thus p ≤ p ′ and p + q ≤ p ′ + q ′ . Therefore, λ χ ≺ λ ω and |χ −→ |ω . The last relation implies that E(|ω ) ≤ E(|χ ) (see [7] ), which is a contradiction.
Nevertheless, the following result shows that in some cases while the relation λ ψ ⊏ λ ϕ does not hold, still recovery by 2 × 2 states is possible.
Theorem 2 Let |ψ −→ |ϕ , and suppose that λ ψ = (α 1 , . . . , α n ) and λ ϕ = (β 1 , . . . , β n ) are the vectors of eigenvalues of |ψ and |ϕ , where α 1 ≥ α 2 ≥ · · · ≥ α n and β 1 ≥ β 2 ≥ · · · ≥ β n . Suppose that 1 ∈ ∆ ψ,ϕ , n − 1 ∈ ∆ ψ,ϕ , and if j ∈ ∆ ψ,ϕ then j + 1 ∈ ∆ ψ,ϕ . Then there are 2 × 2 states |χ and |ω such that |ψ ⊗ |χ −→ |ϕ ⊗ |ω and E(|ω ) > E(|χ ).
Proof. The case of λ ψ ⊏ λ ϕ has been studied in Theorem 1. The proof involves many different cases. Here we only provide the proof in one of these cases. This is a typical proof and can easily be generalized to the other cases.
Consider the case that ∆ ψ,ϕ = {k 1 , k 2 }, where 1 < k 1 < k 2 < n and k 2 − k 1 ≥ 2. Note that the condition α n = β n implies that k 2 ≤ n − 2. We choose the parameter p such that 1 2 < p < 1 and it satisfies the following conditions.
Then it is easy to check that such p exists. The idea of the rest of the proof is similar to the proof of Theorem 1; i.e, we claim there exists a number ε such that 0 < ε < p − 
If λ ψ⊗χ(p) ⊏ λ ϕ⊗χ(p) then the proof of Theorem 1 can be applied to this case too. In the proof of Theorem 1 we showed that any equality of the form (2) is not identical, i.e., it can be solved for p. And since there are only finitely many solutions for such equations, in that case it is possible to find a value for p such that 1 2 < p < 1 and the transformation (9) holds. The same argument, with a modification, holds in the case of this theorem. The conditions (6)-(8 ′ ) implies that in this case also all possible identities like (2) either are non-identical (which again there are only finitely many of them) or they are "benign" identities of one of the following forms
The reason of benignancy of identities like (10) is that when we substitute the state |ϕ ⊗ |χ(p) by |ϕ ⊗ |χ(p − ε) , this identity converts to the following identity
Then we can finish the proof like the proof of Theorem 1.
As it is shown in Lemma 1, if α 1 = β 1 then any recovery should be at least a 3 × 3 state. Here we present a case that this minimum recovery state exists.
Theorem 3 Let |ψ −→ |ϕ , and suppose that λ ψ = (α 1 , . . . , α n ) and λ ϕ = (β 1 , . . . , β n ) are the vectors of eigenvalues of |ψ and |ϕ , where α 1 ≥ α 2 ≥ · · · ≥ α n and β 1 ≥ β 2 ≥ · · · ≥ β n . If ∆ ψ,ϕ = {1} then there are 3 × 3 states |χ and |ω such that |ψ ⊗ |χ −→ |ϕ ⊗ |ω and E(|ω ) > E(|χ ).
Proof. First note that, since 2 ∈ ∆ ψ,ϕ , hence α 1 > α 2 . Also note that if α 2 = α n then β 2 > β n . Therefore, we have to consider two case: (i) α 1 > α 2 > α n ; and (ii) α 1 > α 2 = α n and β 2 > β n . It is easy to check that in the case (ii) we have α 2 > β n .
Let |χ(p, q) be a 3 × 3 system with the eigenvalue vector λ χ(p,q) = (p, q, 1 − p − q), where
The goal is to find the state |ω of the form |χ(p, q − ε) , for some ε > 0. We choose the parameters p and q such that p ≥ q ≥ 1 − p − q ≥ 0 and they satisfy the following conditions:
• in the case (i)
• in the case (ii)
Note that the systems (12) and (12 ′ ) imply q α n < (1 − p − q)α 2 and q β n < (1 − p − q)β 2 , respectively. So the goal is to find p and q which satisfy the following systems, respectively,
The system (13) or (13 ′ ) defines a non-empty triangular region in the (p, q)-plane (see Figure 1) . Like the proof of Theorem 2, if λ ψ⊗χ(p,q) ⊏ λ ϕ⊗χ(p,q) then we are done. Otherwise, if there are any equality in the majorization relations of λ ψ⊗χ(p,q) ≺ λ ϕ⊗χ(p,q) then any of these relations is either a non identical equality or it is a benign identity. The number of non identical equalities is finite and each one corresponds to the points on a straight line in the (p, q)-plane, so by removing these points from the solution set of the system (13) or (13 ′ ) the remaining solution set is still non-empty. The only (non trivial) benign identity is of following form:
Therefore, there is an ε > 0 such that |ψ ⊗ |χ(p, q) −→ |ψ ⊗ |χ(p, q − ε) .
Our final theorem is a general construction in which the dimension of the recovery state depends on the structure of the eigenvalues vectors λ ψ and λ ϕ . First a useful notation. If |ψ −→ |ϕ then we let η ψ,ϕ be the largest integer m such that {j, j + 1, . . . , j + m − 1} ⊆ ∆ ψ,ϕ .
Theorem 4 Let |ψ −→ |ϕ . If n − 1 ∈ ∆ ψ,ϕ , then there are m × m states |χ and |ω such that m = η ψ.ϕ + 2, |ψ ⊗ |χ −→ |ϕ ⊗ |ω , and E(|ω ) > E(|χ ).
Proof. Suppose that λ ψ = (α 1 , . . . , α n ) and λ ϕ = (β 1 , . . . , β n ) are the vectors of eigenvalues of |ψ and |ϕ , where α 1 ≥ α 2 ≥ · · · ≥ α n and β 1 ≥ β 2 ≥ · · · ≥ β n . We provide the proof for a special case. This gives simply the idea of the proof for any other case. of the auxiliary state to be the minimum. We have shown that for a large class of parent states in n × n recovery is possible using 2 × 2 auxiliary states. We have also identified the class of parent states for which a successful recovery scheme requires the dimension of the auxiliary state to be greater than 2 × 2. Our analysis also showed that a successful recovery scheme crucially depends on the structure of the majorization inequalities of the parent states. In particular the equalities that may be present either in blocks or in isolation play a major role in determining the dimension of the ancilla state. There are many open questions that might be of interest. We haven't been able to solve the case when for a given pair of parent states the majorization inequalities contain the equality α n = β n . Also one may ask maximum how much entanglement can possibly be recovered ? We hope that the results of the present work will help to understand better the subtleties involved in local entanglement manipulation in higher dimensions.
The concept of recovery in higher dimensions can naturally be extended to include incomparable pairs. Usually transformation between incomparable pairs is achieved with the help of a catalyst state. Recently it has been shown that one can do better than catalysis by improving the borrowed catalyst state. This phenomenon is referred to as supercatalysis. That supercatalysis can also be understood as partial recovery of lost entanglement involving incomparable states. This result will be presented elsewhere [14] . 
